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Abstract. In this paper we announce an equidistribution result for certain Siegel trans- 
forms on SLd(R)/ SLd(Z). These results date back to the work of Eskin-Margulis-Mozes and 
have wide-ranging applications. We explore a particular application of our equidistribution 
result relating to sptraling of approximates of Diophantine inequalities. We show that on 
average, the directions of approximates spiral in a uniformly distributed fashion on the d—1 
dimensional unit sphere. We also obtain results for approximation of higher-dimensional 
subspaces. On the other hand, we explicitly construct examples in which the directions are 
not uniformly distributed. 



1. Introduction 

Let || || denote the Euclidean norm on M. d and for < e < 1 and T > define the annular 
region 

(1.1) Br(e) := {x£l d : eT < ||x|| < T} 

Let S rf_1 denote the d—1 dimensional unit sphere centered at and let A denote a unimodular 
lattice in M. d . It is well known that asymptotically, the directions of lattice points in Z3r(e) 
become equidistributed on S> d ~ l as T — > oo. For a measurable subset A of with boundary 
of measure zero, 

I 1 - 2 ) llm 777 A ^ n I M = VOl(^4). 

Here vol is Lebesgue measure on S^" 1 . In this paper, we are concerned with a natural variation 
of the equidistribution question above closely connected to Diophantine approximation. 

It is a classical theorem of Dirichlet [4], that for every x G M. d there exist infinitely many 
(p, q) G Z d x Z such that 

(1.3) Il«x-Pll < W\~ 1/d - 

Given such an x, we form the associated unimodular lattice in M. d+1 

A x :=(^ ^ d+1 = {(%" P ) = P €Z<,g€Z 

Then we can view the approximates (p, q) of x appearing in (jl.3p as points of the lattice A s 
in the region 

(1.4) R := jv = g R d x R : ||vi|||v 2 | 1 / a! < 1 
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The set R is a thinning region around the i^-axis, and a natural question is to understand 
the geometry of the set of approximates A x n R. To do so, we introduce the following sets: 

(1.5) R € , T :={v€fl : eT < v 2 < T} 

and, for a measurable subset A of § rf_1 with zero measure boundary, 

(1.6) R A ,e,T := jv € R € , T = ^| G a\ . 

For a unimodular lattice A, define 

N(A,e,T) = #{AnR e , T } 

and 

Af(A, A, e, T) = #{A n Ra,6,t} 
Let dA; denote Haar measure on K = SO<i+i(M), and let Xd+\ = SLd + i(R)/ SLd + i(Z) denote 
the space of unimodular lattices in 

Theorem 1.1. For every A € Xd+i, A C S d_1 as above, and for every e > 0, 
!-7 lim JK r l„ 1A ' „ = vol(A). 

That is, for any lattice A, on average over the set of directions v, the set of approximates 
satisfying Dirichlet's theorem in the direction v equidistributes in the set of directions S rf_1 
in the orthogonal complement to v. If we fix the vertical, and instead average our counting 
functions over a range of heights, T, we have a result for almost every lattice A, with respect 
to the probability measure \i on X^+i induced by Haar measure on SL^ +1 (]R). The proof of 
Theorem 11.11 depends on an equidistribution result for Siegel transforms Theorem 12.21 which 
is proved in our companion paper [T]. Results of this flavor have a long history, beginning 
with the work of Eskin-Margulis-Mozes [7] and have wide ranging Diophantine applications. 
More applications of Theorem 12.21 appear in [I] . 

Theorem 1.2. Fix A C S rf_1 as above. For ^.-almost every A € Xd+i and for every e > 0, 
(1.8) lim Hp^^i _ ml{A) . 

That is, if we average the number of approximates in the region A over a range of heights and 
similarly average the total number of approximates, we have an almost everywhere equidis- 
tribution. On the other hand, we construct explicit examples of lattices A and directions v 
for which (non- aver aged) equidistribution does not hold. 

Theorem 1.3. Let d > 1. There exists a lattice A G SL d+1 (R)/ SL d+1 (Z), a set A C S d_1 
with zero measure boundary, and a sequence {T n } for which 

jV(AAe,T) 
- N(A,e,T n ) T y ! 



n— >oo 

for every 1 > e > 0. 
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For d = 1, note that S° := {-1, 1} and we define vol({-l}) = vol({l}) = 1/2. 

Acknowledgements: This work was initiated during a visit by A. Ghosh to the University 
of Illinois at Urbana-Champaign. He thanks the department for its hospitality. J. Athreya 
would like to thank Yale University for its hospitality in the 2012-13 academic year, when 
this work was completed. He would also like to thank G. Margulis for useful discussions. 

2. The space of lattices 

In this section, we show how to reduce the proofs of Theorems 1 1 . 1 1 and 1 1 . 2 1 to equidistribu- 
tion problems on the space of lattices. Theorem [L2] is a consequence of this reduction and the 
Birkhoff ergodic theorem, which gives us almost everywhere equidistribution of trajectories 
for diagonal flows. For Theorem 11.11 our ergodic tool Theorem 12.21 will be of independent 
interest, as it gives equidistribution of Siegel transforms for quite general functions. We recall 
the definition of Siegel transform: given a lattice A in R rf+1 and a bounded function / with 
compact support on denote by / its Siegel transform: 

/(A) :=£/(v). 

VGA 

Recall that \i is the measure induced by Haar measure on SL^+i (R) on the quotient X^+i = 
SLrf + i(R)/ SLrf + i(Z) (normalized to be a probability measure). We recall the classical Siegel 
Mean Value Theorem |14| : 

Theorem 2.1. Let f be as above. Then f € L 1 (A ( ^ + i, /i) and 

fdv=[ fd M . 

- 1 Jx d+1 

Note that if / is the indicator function of a set A, then /(A) is simply the number of points 
in A n A. Let 

9f-=[ et f d e -V) e SL d+1 (R). 

Note that if we set t so that e dt = T, we have 

9tRe,T = Re,l '■= Re 

and 

9tRA,e,T = RA,e,l '■= RA,e- 

We write lA,e,T f° r the characteristic function of Ra,e,t and 1 £j t for the characteristic function 
of R t ,T, and drop the subscript when T = 1. 
In view of the above discussions, we have 

(2.1) JV(A,A,e,e*) = lji Aie (^ /<i A) 

(2.2) N(k- 1 A,A,e,T)=i RAe (g t kA) 
Integrating these formulas with respect to t and k respectively, we obtain 

S S 

(2.3) / N(A,A,e,e t )dt= [ 1 Ra , {g t/d K)dt 

Jo Jo 
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(2.4) I N(k- 1 A,A,e,T)dk= [ 1 Ra c (g t kA)dk 

JK JK 

2.1. Time-averaged spiraling. In this section we prove Theorem ll.2i Moore's ergodicity 
theorem (see, for example, [2]) states that the action of gt on X^+i is ergodic, so by the 
Birkhoff ergodic theorem, for any h 6 L 1 (X ( ^ + i, /i), we have, for almost every A S Xd+i, 

lim / h(gth)dt = / hdfi. 
s ^°° Jo Jx d+1 

By Siegel's mean value formula, the functions e and lR e are in L 1 (/i). Applying the 
Birkhoff theorem to these functions (and taking the intersection of the full measure sets 
obtained), and combining with (|2.3p . we obtain Theorem 11.21 □ 

2.2. Equidistribution of Siegel transforms. By equation (|2.4p . to prove Theorem 11.11 
we need to show the equidistribution of the Siegel transforms of the sets Ra,e and R e with 
respect to the integrals over ^-translates of K. Our main ergodic tool in this setting is then. 

Theorem 2.2. Let f be a bounded function of compact support on R d+1 . Then for any 
A 6 X d+1 , 

lim / f(g t kx)dk = / f dfj, = /(v)dv. 

JK JX d+1 JRd+i 

The proof of the Theorem, and more applications follow in our companion paper [TJ. We 
note that the above theorem is reminiscent of Theorem 3.4] of Eskin-Margulis-Mozes, but 
the compact group and the one-parameter diagonal subgroup used there are different. The 
philosophy of our proof, however, is very similar. We will give upper and lower bounds for 
the integral. The lower bounds follow immediately by applying the following equidistribution 
theorem (Theorem 12 .3p of Duke, Rudnick and Sarnak (cf. [5]) (a simpler proof was given by 
Eskin and McMullen [8] using mixing and generalized by Shah [12]) and then approximating 
the Siegel transform / from below by h € C c (JQ+i). 

Theorem 2.3. Let G be a non-compact semisimple Lie group and let K be a maximal compact 
subgroup of G. Let V be a lattice in G and let v be any probability measure on K which is 
absolutely continuous with respect to a Haar measure on K. Let {a n } be a sequence of 
elements of G without accumulation points. Then for any x € G/T and any h € C C (G/T), 



n— >oo 



lim / h(a n kx) dv(k) = I h dX. 
Ik Jg/t 



The more technical upper bound will follow the strategy of [7], see also [6] and involves 
delicate considerations involving systems of inequalities on Xd+i- 

2.2.1. Proof of Theorem Applying Theorem 12.21 to Ra,e and R € we obtain 

lim / 1 Ra (g t kk)dv(k) = \ \r a e dfJ, = voI(Ra , e ) 
t^JK ' Jx d+1 



where we have applied Siegel's mean value theorem in the last equality. We apply this to 
numerator as well as denominator in fll -7f) to get 
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$ K N{k- l k,A,e,T) dfc _ vol(fi Ae ) _ 
tmSo / Ji: JV(jfe-iA,€,r)dJfe vol(i? e ) [ h 

which finishes the proof. □ 



3. Non-uniform spiraling 

In this section, we prove Theorem II .31 by using continued fractions to construct a family of 
one-dimensional examples for which the directions are not uniformly distributed. For higher 
dimensions, we use non-minimal toral translations as examples. 

We can strengthen the conclusion of Theorem 11.31 

Theorem 3.1. Let d > 1. There exists a lattice A G SLd+i(K)/SLrf + i(Z) and a set A of 
S for which 

. f #{Anfl w } ^ 

hmmf - P 7 ' , > vol(A) 

t^oo #{An%} v ' 



and 



for every 1 > e > 0. 



r #{A n R-a,e,t} , 
hmsup JA t < vol(A) 



3.1. Proof of Theorems 11.31 and I3.ll in dimension one. We prove Theorem 13.11 which 
also suffices to show Theorem 11.31 We must construct a lattice in M 2 and pick a set A of S° 
for that lattice. Let 

A = {-!}. 

To construct the lattice, we construct a number x G R\Q using continued fractions (see [9] 
for an introduction) and form the associated unimodular lattice A x . At the end, we will note 
that our method of construction provides a family of numbers, corresponding to a family of 
lattices, which satisfy the theorem. Using an analogous construction allows us to consider 
A = {1} too. 

Let x be the irrational number between zero and one for which 

I 4 if n is odd, 
\n if n is even 

is the nth continued fraction element (note n > 1). Since x is irrational, there is an unique 
p G Z for which \qx — p\ < 1/2, which, by forgetting p, we can regard as a rotation of the 
circle [0, l]/0 ~ 1. And therefore the only lattice points that matter for the region R from 
(jl.4p are those (p, q) G Z x Z coming from the rotation. Also, since the negation of a lattice 
point in R stays in R, we may, without loss of generality, consider lattice points with q G N. 
Finally, since x is positive, our lattice points will have p G N U {0}. 

For some pairs of such (p, q), the ratio [j|fE^j] wm De 1 an d for others —1, which is equivalent 
to asking whether (p, q) is on one or the other side of the ray starting at the origin and going 
through (x, 1) T , which is equivalent to asking whether qx — p > or qx — p < 0, and which, 
if, for conciseness, we introduce the notation 

q ■ x 

to denote the circle rotation above, is equivalent to asking whether q-x>0orq-x<0. 
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Let Pn/ln denote the nth convergent of x. We will use the following well-known facts 
about continued fractions and circle rotations: 

(1) The rotations q n -\ ■ x and q n ■ x alternate in sign. 
(2) 

Pn = (InPn-l + Pn-2 

Qn = a n q n -i + q n -2 

(3) 

QnPn-l -PnQn-1 = "1" 

(4) 

1 , 1 
; < \q n ■ x\ < 

Qn + Qn+1 Qn+1 

(5) Convergents are best approximates (of the second kind): 

\q n ■ x\ <\q ■ x\ 

for all < q < q n +i- 

The following is a general fact of the continued fraction of any irrational number: 
Lemma 3.2. We have 

a n +i \q n -i -x\ 

-TT- < n r < a n+l + 2- 

2 \q n ■ x\ 

Proof. Both inequalities follow from Facts and @. □ 

For our particular number x, the lemma implies that 
Corollary 3.3. For n, an even number, we have 

2<%^<6 
\q n ■ x\ 

and, for n, an odd number, we have 

\n+l 



(n + l) n+ \Qn-l ■ X\ , 



Since x < 1/2, we have that 1 • x > 0. Using facts about continued fractions, the usual 
conventions g_i = 0, p_i = 1, and that po = by construction, it follows that go = 1- 
Consequently, 

Lemma 3.4. For n, an even integer, we have 

q n ■ x > 

and, for n, an odd integer, we have 

q n ■ x < 0. 

Proof. As noted, qo ■ x > 0. Fact (pQ) immediately implies the result. □ 

Since the denominators of the convergents are strictly increasing, Fact ([!]) implies that 
(Pn, Qn) are in R and that, for n large enough, q n ■ x is itself a rotation by a small angle (much 
smaller than angle x). However, there are other lattice points in R, which we now describe. 

We will count relevant lattice points by induction; it is convenient to induct on n, the index 
of the convergents. Since we are considering a limit, we may start counting lattice points 
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starting with some large q n without affecting our result. Therefore, we may assume that — 
is small. 

We are interested in lattice points in R. Recall that these lattice points come from the 
above-mentioned rotations and hence lattice points in R are equivalent to rotations q ■ x for 
which \q ■ x\ < |. To help us count, let us enlarge the lattices points of interest to those 
corresponding to 

1 

\q ■ x < — 

q n 

for q n < q < q n +i and exclude those not in R. It follows from Fact @ that the only lattices 
points of relevance from those corresponding to < q < q n are q n -\ and 2q n _i on one side 
of 0, itself, and one on the other side of 0, which we will say corresponds to q — since 
convergents are best approximates, we know that \q ■ x\ > \q n -i • x\. 

For the initial step of the induction on n, we have chosen to ignore the lattice points 
corresponding to q n -i, 2g n _i, 0, and q and, for an induction step, we have already counted 
the contribution from these points. It the in-between lattice points corresponding to q n < 
q < q n +i that concern us. The division algorithm describes all such lattice points as follows: 
q = mq n + r. The only remainders r of interest are the ones already chosen. By Fact ([2]) 
applied to x, there are always at least three in-between points — to be precise, these in-between 
points for a given remainder r correspond to {q n + r, 2q n + r, 3q n + r, • • • }. Moreover, the 
number of in-between points is either a n +i — 1 or a n +i depending on the remainder r. If 
ri • x and r2 ■ x are adjacent on the circle for < T\ ^ T2 < q n , then their in-between lattice 
points divides the interval formed by n • x and r2 • x up into equal length pieces with the sole 
exception of one piece which may be slightly longer — this observation follows from Fact (pQ) 
and the fact that convergents are best approximates and rotations are isometries. 

Let us consider these in-between points. We claim that the only in-between point for the 
remainder r = q that may be relevant corresponds to q n + q. First note that, by Fact ([I]), 
that \(mq n + q) ■ x\ > \{iq n + q) ■ x\ for a n+ \ > m > £ > 0. For m > 2, we have 

\{mq n +q) ■ x\ > — 

^qn 

by Fact ([3]), but we also have 

1 1 

mq n + q 2q n ' 

which shows our claim. The lattice point corresponding to q n + q is only one point and may 
be ignored for the limit that we are computing. 

We claim that the only in-between point for remainder r = 2q n _\ that may be revelant 
corresponds to q n + 2g„_i. The proof is analogous to that for q. And the possible relevant 
lattice point can be ignored for the limit. 

For the remaining two remainders, the behaviors differ greatly (by construction) for odd- 
indexed and even- indexed convergents; we consider these cases separately. 

3.1.1. Odd- indexed convergents. Let n be odd. We will show that many of the in-between 
lattice points for the remainder are in R, while very few of the in-between lattice points for 
remainder q n -i are. Let us first consider the in-between points for q n -i, which correspond 
to {mq n + q n -i} for < m < a n+ \ by Fact ([2]). By Lemma l3~4l we have 



< (mq n + q n -ij ■ x < (iq n + g n _ x ) • x < g„„i • x 
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for < I < m < a n +i. Note that we have exactly M := a n _|_i — 1 in-between points between 
q n —l ■ x and in the given range. Since circle rotation by x is an abelian group, these in- 
between points divide up the interval between and q n -\ ■ x into equal length segments, 
except for the segment with as an endpoint, which is slightly longer. Thus, we have 

(3.1) q n -i ■ x - 1 (g»-i • x) < (mq n + g n -i) • x 

for < m < M. Now to be excluded from R, a lattice point must satisfy the following 
condition 

■ < (mq n + g n _x) • x, 

mq n + q n -! 

which is satisfied, as one can see by applying Fact (j4|) to (I3.ll) . if the point satisfies 

1 If m 
< ( 1 



mq n 2q n \ M + 1 y 

The latter condition, in turn, is equivalent to asking at which values of m is the parabola 
-m 2 + (M + l)m - 2(M + 1) > 0. The answer is between the two roots, which, for M large 
enough, are as close as we like to 2 and M — 1. Since n is odd, M can be chosen large. Thus, 
except, possibly, for four in-between points, the rest are excluded from R. We can ignore 
these four points for computing the limit. 

Finally, to finish the odd-indexed case, we consider in-between points for 0. There are 
iV := a n +i of such points in the given range (which divide up the segment between q ■ x and 
into equal length pieces, except for a slightly longer piece with endpoint q ■ x). From (|3.ip . 
we have that 

(3.2) - jj(q n -i ■ x) < (mq n ) ■ x 

for < m < N . Now for a lattice point to be in R, we need the following condition to hold: 

1 



< (mq n ) ■ x, 



mq n 

which is satisfied, as one can see by applying Fact (J!]) to (I3.2p . if the point satisfies 

1 m 

< 



mq n q n N 

Let L n be the number of in-between lattice points for remainder in R. Our calculation 
implies that L n > [{n + l)^ 1 )/ 2 ]. 

3.1.2. Even-indexed convergents. For any remainder, there are at most a n +i = 4 in-between 
points. All of these can be ignored in the limit calculation. 

3.1.3. Finishing the proof of Theorem \3.1[ Thus, the lattice points that project onto A have 
count XX-^2fc+i + -Pi) where Pi is a natural number < 5. While, all lattice points in R have 
count XX-^2fc+i + P2) where P2 is a natural number < 10. It is clear that fixing an e does 
not affect the proceeding. Therefore, we have shown that 

t^oo #{A n i? e>r } 

and 

hmsup — —-. — ; — = 0. 

r^oo #{Ani? e , T } 

The theorem is now immediate. 
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3.2. Other numbers that satisfy Theorem 13.11 in dimension one. It is clear that our 
construction of x via continued fractions in the proof of Theorem l3.1l is a general construction. 
Let a n {x\) and a n {x2) be the n-th elements of the continued fraction expansions of x\ and 
X2, respectively. Then we define x\^X2 to be the continued fraction whose elements are 

a2n{x\#x 2 ) :=a n {xi) 
a2n+i{x\#x 2 ) :=a n (x 2 ) 

for n £ NU {0}. Since continued fractions are unique, the operation # is a well-defined (non- 
commutative) product of real numbers, which we refer to as the continued fraction product. 
It is clear from our construction above that, to satisfy the theorem, the number x\jfx2 must 
have a n {x,2) grow faster than a n {xi) as n — > oo. Let us refer to such numbers as unbalanced. 

Finally, reversing the order of the continued fraction product for our constructed number 
x will provide an example of a number satisfying the theorem for A = {1}. 

3.3. Proof of Theorems 11.31 and 13.11 in higher dimensions. We use the well-known 
fact: 

Lemma 3.5. The toral translation by a vector x = (x±, • • • , Xd) T is non-minimal if and only 
if there exist integers ki, ■ ■ ■ , not all zero such that ^ k{X{ £ Z. 

This is example is a simple observation. Let d > 1. Let x correspond to a non-minimal toral 
translation. Then, it follows that there is a primitive integer lattice vector v perpendicular 
(with respect to the usual dot product in to the d + 1-vector (x T ,l) T . And v ^ 

(0, • • • ,0, 1) T . Changing the basis of Z d+1 to {v, v%, - ■ ■ , vj+i} allows us to see that (x T ', 1) T 
lies in the X := span{t>2, • • • , v^+i} (thought of as a subspace of Now it follows that 

the basis vectors {v,V2,--- ,Vd+i} determine a parallelopiped of d + 1-volume equal to 1. 
Hence it follows that the only lattice points of Z rf+1 closer to (x T , 1) T than the Euclidean 
distance between v and X must lie on X. 

Now let Y := span{ei, • • • e^} (thought of as a subspace of The spaces X and 

Y do not coincide because their normal vectors are not in the same direction. Therefore 
x n y n z d+1 is a proper sublattice of X n Z rf+1 and hence no lattice points in the thinning 
region R (after becoming thin enough) project onto S d_1 outside of this sublattice — the 
projection is onto a lower dimensional sphere §> d ~ 2 . This proves the theorem for d > 2. 

For d = 1, we note that the (x, 1) T is a rational vector and hence goes through an point of 
Z 2 . It easy to see that all integer lattice points close enough to (x, 1) T lie on the line through 
it — in this case, there is no projection at all. This proves the theorem for d = 1. 

We conclude by remarking that an exaggerated version of the proceeding example is given 
by taking the unbalanced number x constructed in the proof of Theorem 13.11 in dimension 
one and forming x = (x, • • • ,x) T . This gives a higher dimensional example satisfying Theo- 
rem [37TJ 
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